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Understanding excitations of the Cooper pair
condensate in a superconductor is crucial for
many applications in quantum information pro-
cessing. A remarkable example is the possibil-
ity of creating topologically-protected non-local
qubits based on quasiparticle excitations at no
energy cost, so-called Majorana zero modes [1, 2].
Their unambiguous detection has, however, been
impeded by the ubiquitous presence of non-
topological Andreev bound states pinned to zero
energy [3]. It has thus become of utmost im-
portance to find ways to experimentally estab-
lish the physical origin of subgap states in a con-
trolled way. Here we show that the magnetic flux
tunability of full-shell nanowires [4] –a semicon-
ducting core fully wrapped by a superconduct-
ing shell– allows to clearly identify subgap levels
as Andreev bound states. Specifically, transport
spectroscopy reveals them as Yu-Shiba-Rusinov
bound states [5–9], resulting from a quantum
spin impurity –a quantum dot forming within the
tunneling region– that forms Kondo-like singlets
with quasiparticles in the superconductor. The
magnetic field induces quantum phase transitions
–subgap level crossings at zero energy. Apart
from the Zeeman effect [10], the crossings also
depend on the Little-Parks modulation of the
gap which, in some cases, results in robust zero
bias peaks in tunneling conductance near one flux
quantum, a feature that could be easily misinter-
preted as Majoranas. Our understanding of the
complex interplay of different physical effects on
the same device, fully supported by theory, offers
a starting point for systematic experiments to-
wards an unambiguous topological classification
of zero modes in hybrid systems.
The superconducting BardeenCooperSchrieffer (BCS)
density of states (DOS) is characterised by a gap ∆
around the Fermi energy which prevents quasiparticle
excitations at energies below it. This picture changes
in systems with spatially-inhomogeneous pairing poten-
tials, such as weak links between two superconductors
(SCs). In such cases, the DOS contains states inside
the gap known generically as Andreev bound states
(ABSs) [11]. Excitations created by the addition or re-
moval of a quasiparticle to/from ABSs have been ob-
served in e.g. carbon nanotubes [12, 13], superconduct-
ing atomic point contacts [14], graphene [15] and hy-
brid semiconducting-superconducting systems based on
nanowires (NWs) [9, 10, 16–21]. While ABSs are inter-
esting, not only as e.g. Andreev qubits [22] but also for
the rich physics they offer, the intense research activity
of the last few years in the hybrid NW platform has ar-
guably been motivated by the prediction that a topolog-
ical SC state with Majorana zero modes (MZMs) can be
engineered out of them [23, 24] (see also Refs. [25, 26]
for recent reviews). Despite the fact that several ex-
periments in such platforms have reported on signatures
compatible with MZMs [27–32], the Majorana interpre-
tation has been challenged since zero-energy ABSs, with-
out an underlying topological state, can mimic MZMs
[3, 33–41].
Recently, it has been argued that full-shell NWs [4]
threaded by a magnetic flux φ = AB, with A the cross-
section of the nanowire and B an external axial mag-
netic field, is a novel platform for realizing topological
superconductivity [42]. The full-shell geometry has the
great advantage that a topological phase can be induced
at known, and relatively low, magnetic fields, typically
when φ is close to one flux quantum φ0 = h/2e (the
precise range depending on the geometry of the full-
shell NW [43]). Experiments using InAs/Al full-shell
NWs have reported on flux tunability of superconduc-
tivity, including full destruction and reemergence, owing
to the Little-Parks (LP) effect [44–46]. This LP effect
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FIG. 1: Device layout and underlying physics. (a) False-color scanning electron micrograph image of a typical
device. The scale bar is 1 µm. The tunnel junction of length X created in the bare InAs nanowire (NW) (green) is
formed between the normal contact (yellow) and the proximitized full-shell NW, of length L (red). It can be tuned
by the overall backgate Vbg or by the sidegate Vsg. In the present experiment just the backgate has been used, while
the sidegate was grounded. A quantum dot (QD) can be formed in the tunnel junction for X larger than ≈ 100 nm.
The electrochemical potential, µ, inside the full-shell cannot be gated because of the Al screening, hence Vbg affects
only the tunnel region. The magnetic field B is applied parallel to the NW, as indicated by the white arrow. The
inset shows the hexagonal NW cross-section with a semiconducting core diameter, R, of about 110 nm and a shell
thickness, t, of about 30 nm. (b) Cartoon of a superconductor (SC)-QD-normal metal (N) junction, showing all the
physical energy scales involved in this problem, namely, the superconducting gap ∆, the tunnel rates ΓS and ΓN ,
and the charging energy U . For the devices studies here U  ∆ and the first excited state over the doublet ground
state (GS) at odd occupation is a Kondo-like singlet between the unpaired spin in the QD and the quasiparticles in
the SC [Yu-Shiba-Rusinov (YSR) singlets]. This excitation creates subgap states inside the superconducting gap at
energies ±ζ. Another possible excitation is the BCS-like singlet superposition of even charge states in the QD,
|S〉 = |0〉 − |↑↓〉, but it is located much higher in energy (order ∼ U).
is concomitant with zero bias peaks (ZBPs) in tunnel-
ing conductance, appearing in reentrant superconduct-
ing regions around φ ∼ φ0, which have been interpreted
as MZMs [42]. We here use similar InAs/Al full-shell
NWs and investigate the role of the tunneling junction
[green region of length X in Fig. 1 (a)] on the subgap
spectra by performing tunneling spectroscopy measure-
ments. Specifically, we use three experimental knobs,
the magnetic flux, the junction length X and the global
backgate voltage. The main text discusses data from
five devices, to which we refer as A, B, C, D and E. Data
from eight more devices are presented in the supplemen-
tary information (SI).
We first focus on understanding the effect of X on the
tunneling spectroscopy measurements. Figures 2 (a) and
(b) display the measured differential conductance of two
different devices at zero magnetic field. Data from device
A with a short tunnel junction of X ≈ 40 nm is shown
in Fig. 2 (a). With increasingly negative Vbg, the tun-
neling conductance at source-drain voltages V below the
superconducting gap ∆ decreases and reveals a hard gap
of size ∆ ≈ 200 µeV. The line trace shown in Fig. 2 (c)
confirms the absence of subgap states and a hard gap
with a subgap conductance suppressed by a factor of
∼ 300 relative to the above-gap conductance. Similar
tunneling spectroscopy data have been observed for all
devices with a junction length X < 100 nm (see Fig. S4
in the SI). In contrast, the junction length of device B
amounts to X ≈ 230 nm and a symmetric pair of con-
ductance peaks appears at |V | < ∆, as can be seen in
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FIG. 2: Tunneling spectroscopy of hybrid
full-shell InAs/Al NWs. (a) and (b) Differential
conductance dI/dV plotted in logarithmic scale as a
function of V and Vbg for device A, with X = 40 nm
and no QD formation (a), and device B, with X
= 230 nm and a QD with charging energy U ≈ 2.5 meV
(b). (c) and (d) Line traces extracted from (a) and (b)
at Vbg = −19 V and Vbg = −2.3 V, respectively,
demonstrating in both cases the presence of a hard gap.
Fig. 2 (b). Vbg can tune the position of these subgap
states that move up and down in energy, and even in-
duce zero-energy crossings forming a characteristic eye-
shaped loop (red dashed square). Far from the loop,
Vbg tunes the ABSs to higher energies (green line) where
they merge/disappear into the continuum of states [12].
In such a region, the line trace in Fig. 2 (d) again reveals
a hard gap, with a subgap conductance suppressed by a
factor of ∼ 90 relative to the above-gap conductance.
The above features in the subgap spectrum are a well-
known signature of a Coulomb blockaded QD formed in
the SC-N junction region [9, 10, 16–20]. In this QD sys-
tem, two ground states (GSs) are accessible: a spin dou-
blet, |D〉, with spin 12 , and a spin singlet, |S〉, with spin
0. Whether the GS is a doublet or a singlet is deter-
mined by the interplay between the Andreev processes
at the SC-QD interface and the Coulomb interactions in
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FIG. 3: Little-Parks effect for a short junction
device. (a) dI/dV as a function of V and B for device
A at Vbg = −19 V. LP oscillations are observed as
superconductivity breaks down for certain magnetic
field values. The regions in which ∆ = 0 correspond to
the destructive Little-Parks (LP) regime, while the
regions with ∆ 6= 0 are referred to as zeroth, first and
second lobe (0L, 1L, 2L). From the shape of the lobes,
one can extract the NW dimensions and the coherence
length [44–46]. We obtain R ≈ 121 nm and t ≈ 23 nm,
in good agreement with the nominal values mentioned
in Fig. 1, and ξ ≈ 190 nm. (b) Waterfall plots extracted
from (a) for the 0L (left panel), 1L (central panel) and
2L (right panel). No subgap states arise in such NWs.
The line traces are shifted by 0.02 e2/h with respect to
each other.
the QD. Coulomb repulsion enforces a one by one elec-
tron filling, favouring odd electron occupations with a
doublet GS [47–50]. The coupling to the SC, ΓS , on
the other hand, privileges a singlet GS. Its physical na-
ture crucially depends on the ratio ∆/U . In the large
∆/U limit, the coupling to the SC mainly induces lo-
cal superconducting correlations in the QD that lead to
Bogoliubov-type singlets, |S〉 = |0〉 ± |↑↓〉, which are su-
perpositions of the empty |0〉 and doubly-occupied |↑↓〉
states in the QD. In the opposite, small ∆/U limit, the
unpaired spin in the QD couples to the quasiparticles
above the gap in the SC, see Fig. 1 (b), with an ex-
change interaction J ∼ 2ΓS/U . This exchange interac-
tion creates so-called Yu-Shiba-Rusinov (YSR) singlets,
the superconducting counterpart of Kondo singlets [5–8].
Since our experiments are always in a large U limit (even
for the largest gap at φ = 0 we always have U  ∆),
4the YSR regime is the relevant one [50–52] to explain
our data (for a full theoretical discussion about all the
physical regimes, see the SI). Transitions between the GS
and the first excited state of the system, i.e., between a
doublet and a singlet state or vice-versa, are manifested
in transport spectroscopy as a subgap resonance at volt-
age V = ζ (and its electron-hole-symmetric partner at
V = −ζ). Changes in the parity of the GS of the sys-
tem appear as points in parameter space (here Vbg or
magnetic field) where ζ changes sign (signalled by the
crossing of ABSs at zero energy) [10, 12, 17].
Having established the role of the junction length in
the QD formation, we now discuss in detail transport
spectroscopy data as a function of the external magnetic
field B for different junction lengths. First, we investi-
gate devices with a short junction. Fig. 3 (a) shows the
dI/dV evolution as a function of B at a fixed value of Vbg
for device A. The modulation of ∆ with B is the result of
the destructive LP effect [44, 53, 54], with regions where
the gap is completely suppressed and subsequently re-
generated (in what follows we will label the regions with
finite gaps as zeroth lobe, first lobe, and so on). The-
ory predicts the observation of a ZBP in the first lobe
due to the formation of MZMs [42, 43]. Notwithstand-
ing these predictions, none of the nine short junction de-
vices reported here (Fig.3 and Fig. S4 of the SI) exhibit
a ZBP (or any other subgap state) as the magnetic field
increases. Possible explanations could be that the NWs
are always topologically trivial due to renormalization of
the semiconductor properties owing to strong coupling
to the superconductor [55, 56] or lack of proper tuning
into a topological phase [43, 57, 58].
The described short junction results are seemingly in
contradiction with recent experimental reports on MZMs
in similar NWs [42]. However, we note that the litho-
graphic length of the shown tunnel junction seems to be
larger than 100 nm and falls into what we call the long
junction regime. We we will discuss in the following, how
in this regime, we observe ZBPs of nontopological origin
owing to QDs. We first study a doublet GS, ocurring in
a Vbg region between −2.70 V and −2.55 V [red box in
Fig. 2 (b)]. Figure 4 (a) displays a zoom-in of this re-
gion, illustrating that the gap is clean apart from a single
pair of ABSs at energies ±ζ . At finite magnetic fields,
|ζ| slightly increases, as can be seen in Fig. 4 (b) and
from the green trace in Fig. 4 (e). The increasing energy
results from the decreasing GS energy of the doublet QD
GS, owing to the Zeeman energy VZ = gµBB/2 (with g
and µB being the g-factor and the Bohr’s magneton, re-
spectively) that spin-polarises the GS. Importantly, since
the GS is spin-polarised, there is only one resulting exci-
tation, see the sketch in Fig. 4 (c). This excitation results
in a pair of ABSs inside the LP lobes (as opposed to the
short junction discussed in Fig. 3). This is illustrated in
Fig. 4 (d), where we show the full magnetic field evolu-
tion for fixed Vbg = −2.62 V [dashed line in Fig. 4 (a)].
This B-field evolution strongly deviates from the linear
increase expected for a standard Zeeman effect and actu-
ally stays nearly constant within the zeroth lobe. Since
we fix the gate right in the middle of the loop (middle
of the Coulomb valley), charge fluctuations are greatly
suppressed in this configuration and the system should
essentially behave as a spin 1/2 coupled to a SC. Indeed,
by modelling the system as a Coulomb blockaded QD
coupled to a SC lead (the so-called superconducting An-
derson model), we can write an analytic expression for
the ABSs in this large-U limit of the form (see SI):
ζ = ±∆(φ)
1−
(
2ΓS
U+VZ
)2
1 +
(
2ΓS
U+VZ
)2 . (1)
Equation (1) is nothing but the well-known expression
for YSR bound states [8] written in the language of
our system and including the external magnetic flux
(through, both, the LP modulation of the superconduct-
ing gap ∆(φ) and the Zeeman effect VZ). The dashed
green curves in Fig. 4 (d) are calculated with this ana-
lytical expression without fitting parameters (since the
energy of the ABSs at zero magnetic field fixes ΓS). The
excellent agreement between Eq. (1) and the experi-
ments demonstrate that, indeed, our ABSs are YSR sin-
glets (for comparison, the excitations to the BCS-like
singlet |S〉 = |0〉 − |↑↓〉 would occur at a much higher
energy, of order ζ ≈ ±(U − ΓS)/2 = 0.85 meV ∆). As
mentioned, YSR singlets are the superconducting coun-
terparts of Kondo singlets and a full screening of the
quantum impurity spin is expected when the exchange
between the QD and the SC is large enough, such that
kBTK ≈ ∆. While previous works have studied this
doublet-YSR singlet quantum phase transition (QPT)
by a controlled tuning of ΓS [17], we here can reach a
Kondo regime owing to the destructive LP regions where
the gap is suppressed. From Eq. (1) we can extract an
effective exchange coupling J = 2ΓS/U (at zero mag-
netic field), which enters the expression of the Kondo
temperature kBTK ≈ 0.3
√
UΓSe
− piU8ΓS ≈ 0.2U√Je− pi4J
at the symmetry point [the dashed line in Fig. 4 (a)].
Using the experimental values for U and ΓS , we get
kBTK ≈ 0.044 meV ≈ 0.24∆(φ = 0). Owing to the
LP reduction of the gap, a full Kondo effect is expected
to develop when kBTK ≈ ∆(φ) [59], which first happens
at φ ≈ 0.35φ0. Indeed, we find a symmetric pair of ex-
citations that appear in the first destructive LP regime,
starting at ≈ 50mT which corresponds to 0.33φ0 [cyan
trace in Fig. 4 (f)], that we interpret as cotunneling pro-
cesses through a spin-split Kondo resonance, supporting
the previous picture. At larger fluxes, the gap reopens,
and the system goes back to a doublet GS with YSR
singlet subgap excitations. This remarkable modulation
from YSR singlets to Kondo and back is only possible
due to the destructive LP effect. We mention in passing
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FIG. 4: ABSs in the Little-Parks regime with a doublet GS. (a) Plot showing a zoom of Fig. 2 (b) around
the doublet GS, for device B. From Vbg = −2.70 V to Vbg = −2.55 V the QD is in the doublet GS. (b) Same as (a),
but for B = 116 mT, i.e., in the center of the 1L. (c) Schematics showing the evolution of the ABSs in the doublet
GS when a magnetic field B is switched on. (d) dI/dV as a function of V and B for Vbg = −2.62 V, i.e., in the
center of the doublet GS [white dashed line in (a)]. The green dashed line corresponds to the analytical level
positions given in Eq. (1), showing that these ABSs are YSR states (here U = 2.5 meV and ΓS = 0.8 meV= 0.32U is
inferred from the position of the ABSs at B = 0). (e) and (f) Line traces extracted from (d) for different values of B.
The line traces in (e) show that ABSs in the doublet GS, indicated with 1, increase their energy with magnetic field.
In the absence of magnetic field, ζ ≈ ±63 µV (deep blue trace), while at B = 110 mT (green trace) ζ ≈ ±80 µV, even
though the superconducting gap is smaller at finite B. (f) Line traces showing the presence of a split Kondo peak (K)
in the destructive regimes, namely at B = 60 mT (cyan trace), at B = 170 mT (purple trace) and at B = 280 mT
(red trace). Furthermore, the Kondo peaks coexist with superconductivity and ABSs in the 2L (orange trace taken
at B = 230 mT). (g) Numerical simulation of the dI/dV versus bias voltage V and magnetic flux φ/φ0 in a QD-S
(modelled as a superconducting Anderson model in the Hartree-Fock approximation), with the SC in the destructive
LP regime and the QD in a doublet GS (parameters can be found in Table S1 of the SI).
that this YSR-Kondo QPT mediated by the LP effect oc-
curs for typical QD parameters around the same flux re-
gions where Majoranas are predicted to occur in full-shell
nanowires [42, 43], which adds further complexity to the
problem. This Kondo interpretation is supported by the
decreasing height of the conductance peaks for increas-
ing temperatures (see Fig. S5 in the SI). As expected,
the hard superconducting gap precludes the formation
of a Kondo resonance, which is absent in the zeroth and
first lobe. On the contrary, the soft gap in the second
lobe allows the formation of an above-gap split Kondo
resonance, which, in this regime, coexists with the YSR
states [16, 50] [see line traces in Fig. 4 (f)]. The progres-
sion of the Kondo peaks in magnetic field allows for an es-
timation of the NW’s g-factor. The extracted values are
g = 6.4± 0.8 in the first destructive region, g = 9.2± 0.3
in the second destructive one and g = 10.5 ± 0.1 from
the end of the second lobe to B = 900 mT (see Fig. S7
in the SI). The data indicate a non linear behaviour of
g with the magnetic field. This apparent non-linearity
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FIG. 5: ABSs in the Little-Parks regime with a singlet GS. (a) Plot showing a zoom of Fig. 2 (b) around
the singlet GS, for device B. (b) Same as (a), but at finite magnetic field, namely B = 115 mT. The ABSs split and
the splitting depends on Vbg. This is more pronounced when the ABSs are far from the superconducting gap because
the Coulomb repulsion between the spin-down state |↓〉 and the continuum is less effective [10]. (c) Schematics of
ABSs behaviour in the singlet GS when a magnetic field B is switched on. (d) dI/dV as a function of V and B for
Vbg = −1.84 V [dashed white line in (a)]. The ZBP starts at the end of the 1L and persists throughout all the 2L,
extending thus for more than 100mT. (e) ABSs splitting in the 1L at positive bias versus B, (upper panel) and
effective g-factor geff extracted from their splitting (lower panel). (f) Line traces extracted from (d) for the 0L, 1L
and 2L (from left to right) illustrating how the ABSs merge at zero bias at the end of the 1L. The lower trace of the
0L is taken at B = 0 and the upper one is taken at B = 42 mT. They are shifted by 0.3e2/h with respect to each
other. For the 1L, the line traces are shifted by 0.12 e2/h and they range from B = 82 mT (lower one) to
B = 152 mT (upper one). Finally, for the 2L, the line traces are shifted by 0.04e2/h and range from B = 200 mT
(lower one) to B = 256 mT (upper one). (g) dI/dV as a function of V and B for Vbg = −2.725 V, Vbg = −2.715 V
and Vbg = −2.705 V (from left to right), see coloured diamonds in Fig. 4 (a). By changing the ABSs position at zero
field, it is possible to create a situation in which the ABSs form a ZBP throughout all the 1L, mimicking MZMs
behaviour. (h) Numerical simulation of the dI/dV versus bias voltage V and magnetic flux φ/φ0 in a QD-S
(modelled as a superconducting Anderson model), with the SC in the destructive LP regime and the QD in a singlet
GS for three different gate configurations (parameters can be found in Table S1 of the SI).
7relates to the LP effect as the flux which can penetrate
the core of the NW depends on the magnetic field value.
Nonlinearities of the effective g-factor owing to Kondo in-
teractions in a superconducting system are also expected
[50]. Self-consistent Hartree-Fock numerics of the super-
conducting Anderson model (see Sec. I of SI) confirm
our YSR interpretation, see Fig. 4 (g).
For larger ΓS , the doublet GS region is suppressed
[17]. We can tune the device to this region by making
the backgate voltage less negative [see Fig. 2 (b) around
Vbg = −1.84 V]. The excitations from this singlet GS
are doublet-like and hence split under a Zeeman field, as
opposed to the previous case. Figure 5 (a) presents a de-
tailed zoom of device B in the singlet GS in the absence
of magnetic fields, while Fig. 5 (b) is the same scan but
for B = 115 mT, i.e., in the center of the first lobe. ABSs
in the singlet GS indeed split with magnetic field, hence
two pairs of ABSs are observed: one at lower bias and
another at higher bias [denoted as ζ↑ and ζ↓ in the sketch
of Fig. 5 (c)]. The B-field evolution at Vbg = −1.84 V
[dashed line in Fig. 5 (a)] is displayed in Fig. 5 (d). In the
zeroth lobe, the pair of ABSs neither splits nor moves,
as corroborated by the green line traces in Fig. 5 (f). In
contrast, the ABSs show a clear Zeeman splitting in the
first lobe [see Fig. 5 (e)]. For increasing magnetic fields,
the lowest ABS excitation moves towards zero energy at
the end of the first lobe, forming a ZBP. This zero-energy
crossing signals a QPT to a spin polarised doublet. The
ZBP persists throughout the second lobe, as depicted in
Fig. 5 (d) and in the middle and right panels of Fig. 5 (f).
Our theoretical analysis of this regime supports this in-
terpretation and explains the absence of a clear Zeeman
splitting in the zeroth lobe (see Fig. S3 in the SI).
We now study ZBPs caused by flux-induced zero-
energy crossings in a different parameter regime (close
to a singlet-doublet transition mediated by the QD level
position, see the three coloured diamonds in Fig. 4 (a).
Our results are presented in Fig. 5 (g). The three sub-
panels show the evolution in magnetic field of the same
pair of ABSs but at slightly different backgate values
(see also Fig. S7 in the SI). The closer the backgate is
to the singlet-doublet zero-energy crossing, the smaller
the ABS energy is. For increasing magnetic fields, this
B = 0 energy influences the particular B value at which
the excitation reaches zero energy [compare the panels
in Fig. 5 (g) as one moves from left to right]. This gate
dependence allows to tune the value of B at which the
ZBP emerges. For Vbg = −2.705V, in particular (blue
diamond), the ZBP appears at the beginning of the first
lobe and persists throughout its full extent. The lower
panels in Fig. 5 (h) show numerics in this regime, whose
overall agreement is excellent. This showcases how ABSs
may produce a strong ZBP persisting through a large
range of magnetic fields [10]. After the ZBP, the GS
changes from singlet to doublet. This spin-polarised YSR
doublet follows again Eq. (1) (see SI).
We finally turn our attention to devices that have
ABSs with energies |ζ| ∼ ∆ at B = 0 and study their
magnetic field evolution. In Fig. 6 we present data from
devices C and D and E, with tunnel junction lengths
of X ≈ 290 nm, X ≈ 200 nm and X ≈ 300 nm, respec-
tively. The full subgap spectrum of each device (see SI),
reveals a rich structure with more than one pair of ABSs;
here we focus at gate values for which the gap seems to
host one pair of ABS, as certified by the corresponding
yellow line traces in Fig. 6 (b), (d) and (f). Since the
gate is fixed far from odd occupancy, the QD just acts
as a weak spinless scattering center (hence |ζ| ∼ ∆). At
these voltages, Figs. 6 (a), (c) and (e) depict the mag-
netic field dependence of the respective tunneling spec-
tra. They show a zeroth lobe without subgap states and
an emergent ZBP in the first lobe after the first LP clos-
ing. Importantly, and as opposed to our previous results
–see e. g. Fig. 5 (g), not obvious signatures of Zeeman-
split ABS can be inferred from the spectra, such that the
emergent ZBP in the first lobe could be easily mistaken
as originated from MZMs.
Naively, a singlet-doublet transition of an ABS lurking
near the gap edge should take place at ∆ ≈ VZ , which,
clearly, does not explain the data. In order to fully un-
derstand how the competition between superconducting
pairing and charging effects evolves as a function of mag-
netic field in our SC-QD system, one needs to take into
account the two mechanisms induced by magnetic field
–the LP effect that modulates the gap and the Zeeman
effect. Since only the constant gap case has hitherto been
studied in the literature [10, 17], we again use our gen-
eralised superconducting Anderson model (SI) to anal-
yse singlet-doublet transitions in this important regime
|ζ(B = 0)| ∼ ∆. Even in the constant pairing case,
and as a result of the coupling to the SC, ΓS/U , the
ABS splitting with increasing φ/φ0 strongly differs from
that corresponding to a purely Zeeman-driven regime
(ΓS = 0) (Fig. 6 (g), comparison between green and
red lines). The LP modulation adds further complex-
ity to the problem (since the ratio ∆(φ)/U evolves with
magnetic field), which result in a singlet-doublet tran-
sition in the first lobe at φ/φ0 = 0.9 (red lines in Fig.
6 (h) with little resemblance to the original Zeeman-split
lines (green lines in Fig. 6g). Together with the tunnel-
ing broadening ΓN this can result in a robust zero bias
anomaly in the DOS across the first LP lobe (white re-
gions in Fig. 6 (h). Our theoretical analysis shows that
the observed ZBPs are actually the result of an intrigu-
ing magnetic field evolution (the full phase diagrams at
three different fluxes are shown in Fig. 6 (i). Indeed, for
a slightly different backgate voltage value in all three de-
vices the zero bias peak disappears, underlining the fact
that also in this case the ZBP originates from zero-energy
crossings owing to singlet-doublet QPTs (see Figs. S8, S9
and S10 in the SI). It is interesting to note that the gate
range over which the ZBP persists can vary from device
80 100
-0.2
0
0.2
a)
-0.2 0 0.2
0
2
4
6
8
2
d
I/
d
V
 (
2
e
/h
)
V (mV)
0
0.5
2
d
I/d
V
 (2
e
/h
)
V
 (
m
V
)
B (mT)
 
b)
-0.2 0 0.2
0
1
2
-2
10
0 100 200
-0.2
0
0.2
-3
10
-2
10
-2
10
V
 (
m
V
)
2
d
I/d
V
 (2
e
/h
)
B (mT)
 
2
d
I/
d
V
 (
2
e
/h
)
V (mV)
c) d)
D
C
-1
10
i) 
-0.2
0
0.2
V
 (
m
V
)
0 0.5 1
ϕ/ϕ
0
1.5 2
B (mT)
0 100
-0.2
0
0.2
V
 (
m
V
)
e)
E
-4
10
-3
10
-2
10
2
d
I/d
V
 (2
e
/h
)
1
4
-3
10
-0.2 0 0.2
1
2
-2
10
V (mV)
2
d
I/
d
V
 (
2
e
/h
)
f)
h)
ϕ/ϕ = 0.3
0 
ϕ/ϕ = 0.9
0 
ϕ/ϕ = 1.2
0 
ε /U
0
0-1
Γ
/U
S
1/π
<n ↑ > - <n↓ >1 0
0
-0.2
0
0.2
V
 (
m
V
)
g)
1/π
0
1/π
0
FIG. 6: ZBPs arising from ABSs lurking at the superconducting gap edge. (a) dI/dV as a function of V
and B for Vbg = −1.84 V [see purple dashed line in Fig.S8(a)] for device C. ABSs close to the gap edge at zero field
converge to zero energy at the beginning of the 1L and subsequently split at B = 120 mT, changing the GS from
singlet to doublet. (b) dI/dV versus V traces at B = 0 mT (yellow) and at B = 102 mT (green), showing a ZBP. (c)
dI/dV as a function of V and B at Vbg = −1.27 V [see purple dashed line in Fig.S9(a)] for device D. Even though
ABSs are barely visible in the 0L [see yellow trace in (d)], they form a ZBP persisting throughout the 1L. (d) dI/dV
versus V traces at B = 0 mT (yellow) and at B = 112 mT (green), showing a faint ZBP. (e) dI/dV as a function of V
and B for Vbg = −1.89 V [see purple dashed line in Fig.S10(a)] for device M.(f) dI/dV versus V traces at B = 0 mT
(yellow) and at B = 123 mT (green), showing a faint ZBP and other subgap states which could be misinterpreted as
Caroli-de Gennes-Matrikon states.(g,h) Poles of the Green’s function of a superconducting Anderson model, shown
in red, superimposed to the numerical DOS as a function of the bias voltage V and magnetic flux φ/φ0 for the
parameters corresponding to the yellow circle in (i), which is in a singlet GS at φ = 0. In (g) there is a constant
pairing equal to ∆, whereas a LP modulation of the BCS gap is considered in (h). Even in the constant pairing case
of (g), the ABS splitting with increasing φ/φ0 strongly differs from that corresponding to just Zeeman-split ABSs
(green lines), owing to the coupling to the SC, ΓS/U . In (h) the LP modulation together with the finite ΓS/U result
in a singlet-doublet transition in the first lobe at φ/φ0 = 0.9 and a ZBP in the first lobe. (i) Full phase diagram of
〈n↑〉 − 〈n↓〉 vs ΓS/U and 0/U for three different normalized fluxes: 0.3, 0.9, and 1.2 (for the model parameters see
the SI). The yellow circle denotes the specific configuration of Fig. 6(h) in the phase space. The red and blue circles
denote similar experimental configurations but with slightly different parameters, corresponding to different
gate/coupling to the SC). The singlet-doublet transition line as a function of φ exhibits a strong dependence on
ΓS/U . As we increase the magnetic flux we go from a singlet phase (top) to a doublet phase (bottom), across a
parity crossing located at φ/φ0 = 0.9 (center panel).
9to device and can exceed 100mV. The accompanying the-
ory plots for device (C) and (D) are shown in Figs. S8
and S9 (b).
In conclusion, tunneling spectroscopy measurements
on hybrid full-shell InAs/Al NWs have shown that, for
short junction devices with X < 100 nm, no ABSs or
other subgap states are observed. For long junctions,
a rich spectral structure arises in the LP lobes and de-
structive regimes. When the GS is odd, we demonstrate
that the subgap excitations of the system are YSR
singlets. In the metallic state within the destructive
LP regions, these YSR singlets fully develop a Kondo
effect, confirming our interpretation in terms of QDs.
When the gap reopens, subgap YSR singlets reemerge.
Conversely, when the GS is even (i.e., it is either a
YSR singlet or a standard ABS resulting from spinless
scattering from the QD) the flux may induce a QPT to a
spin-polarised odd GS. This zero-energy fermionic parity
crossing, which however can persist for an extended
magnetic field range [10], leads to a ZBP (around φ ∼ φ0
when the ABS energy at φ = 0 is close to ∆) that could
be mistaken with topological zero modes. The reported
measurements demonstrate that, in this system, it
is experimentally possible to distinguish ABSs, and
their physical character, from MZMs. Remarkably, the
competition of various physical phenomena in the same
device can produce different QPTs, giving rise to ZBPs
in transport spectroscopy in completely different QD
parameter regimes. In the future, the reproducible
fabrication of devices in which the tunnel junction does
not host a QD will allow a controlled and systematic
characterization of truly topological ZBPs. This is a
critical step to start unveiling and exploiting the in-
triguing physics governing topological superconductivity.
METHODS: The hexagonal InAs NWs, with a diam-
eter of about 110 nm, were grown via the VLS technique
and the 30 nm Al shell was epitaxially grown in situ,
giving a highly transparent semiconductor-SC interface
[4, 60]. The NWs were deposited on a heavily doped sil-
icon substrate covered with 285 nm of silicon oxide. The
Al shell is completely removed from one side of the NW
via transene etching and the bare InAs is employed as
tunnel barrier. The Al shell, L, is longer than 1.5 µm
for all the measured devices. Hence, effects of overlap-
ping potential MZMs could be neglected as L is much
larger than the coherence length [28, 61]. The gates and
contacts consist of normal-metal (5 nm/180 nm Ti/Au
bilayer). The differential conductance, dI/dV , was mea-
sured via a lock-in technique in a dilution refrigerator
with a base temperature of 20 mK.
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2I. MODEL
The theoretical model used to describe the experimental results of this work is presented in what follows. It consists
of a single impurity Anderson model (SIAM) coupled to a superconducting reservoir, the so-called superconducting
Anderson model, in which we take into account the Little-Parks (LP) modulation of the gap with the applied flux, φ
(see the details below). The impurity is also coupled to a normal reservoir, hence forming a superconductor-quantum
dot-normal (SC-QD-N) junction, like in the experimental samples. Despite its simplicity, this model correctly cap-
tures the interplay between two competing mechanisms, namely: Coulomb blockade in the QD region and Andreev
processes at the superconducting interface. Each of them favors a different ground state (GS) configuration: the
former favors a doublet phase, |D〉, with spin 12 , whereas the latter a singlet phase, |S〉, with spin 0.
The Hamiltonian of the system reads: H = HQD + HN + HS + H
N
T + H
S
T . Here, HQD refers to the decoupled
dot Hamiltonian given by
HQD =
∑
σ
σd
†
σdσ + Un↑n↓, (1)
where dσ (d
†
σ) destroys (creates) an electron with spin σ = {↑, ↓} and energy σ = 0∓VZ , where VZ = gµBB/2 refers
to the Zeeman energy owing to the external magnetic field B (with g and µB being, respectively, the gyromagnetic
factor and the Bohr’s magneton). Electron-electron correlations in the dot occupations nσ = d
†
σdσ are included by
means of the charging energy U . The Hamiltonian of the normal reservoir is given by
HN =
∑
kNσ
εkNσc
†
kNσ
ckNσ, (2)
where c†kNσ (ckNσ) creates (destroys) an electron with momentum kN , spin σ and single-particle energy εkNσ in the
normal reservoir.
Since the superconducting lead (full-shell proximitized nanowire) to which the dot is coupled has a doubly connected
geometry and is longitudinally threaded by a magnetic flux, φ = piR2B (with R being the nanowire radius), the LP
effect will manifest in the form of a modulation of the Bardeen–Cooper–Schrieffer (BCS) gap, ∆(φ) [1–3]. Such
modulation may result in a full suppression of superconductivity in finite flux regions for cylinders characterized
by small radius and thickness d, as compared to the zero temperature superconducting coherence length ξ; namely
d,R ξ [2], which is the relevant experimental situation. The resulting Hamiltonian is given by
HS =
∑
kSσ
εkSσc
†
kSσ
ckSσ +
∑
kS
∆(φ)(c†kS↑c
†
−kS↓ + h.c.), (3)
where c†kSσ (ckSσ) denotes the creation (destruction) operator in the superconducting lead with momentum kS , spin
σ and energy εkSσ. All energies are measured with respect to the chemical potential of the SC.
As was shown in [2], a complete analogy can be established between pair-breaking mechanisms due to flux-induced
circulating supercurrents in the shell and that of paramagnetic impurities in a disordered SC. Thus, the time-dependent
Ginzburg-Landau formalism used to describe the latter can be applied to the former, giving rise to the following
expression for the critical temperature TC(φ) (see [4] for a comprehensive derivation):
0 = ln
(
TC
T 0C
)
+ ψ
(
1
2
+
Λn(φ)
2piTC(φ)
)
− ψ
(
1
2
)
, (4)
where T 0C is the critical temperature at zero flux, n is the fluxoid winding number, ψ is the digamma function, and
Λn is the pair-breaking term corresponding to a hollow superconducting cylinder. This pair-breaking term can be
derived solving the Ginzburg-Landau equations in the presence of impurities [5], and yields
Λn(φ) =
T 0C
pi
ξ2
R2
[
4
(
n− φ
φ0
)2
+
d2
R2
(
φ2
φ20
+
(
1
3
+
d2
20R2
)
n2
)]
, (5)
where φ0 denotes the superconducting flux quantum, φ0 = h/2e. Once TC(φ) is known, in small devices (d,R  ξ)
the field-dependent critical current IC(φ) can be expressed as IC(φ) ∝ TC(φ)3/2, thanks to a Ginzburg-Landau
approximated relation in the presence of a magnetic field [6]. In the ballistic regime, ∆(φ) is proportional to IC(φ)
and thus
∆(φ)
∆
≈
(
TC(φ)
T 0C
)3/2
, (6)
3where ∆ is the gap at φ = 0. Departures from a power-law dependence of ∆(φ) on TC(φ) in the presence of pair-
breaking mechanisms are predicted to happen as we go beyond the Ginzburg-Landau/BCS description [7–9]. However,
Eq. (6) suffices to accurately capture the LP modulation found in the experiment.
The remaining two terms in the Hamiltonian:
HST =
∑
kSσ
(
VkSc
†
kSσ
dσ + h.c.
)
, (7)
and
HNT =
∑
kNσ
(
VkN c
†
kNσ
dσ + h.c.
)
, (8)
stand for the couplings between the dot and the SC lead and the normal reservoir, respectively. These two tunneling
processes define the two following tunneling rates: ΓN,S = pi
∑
kN,S
|VkN,S |2δ(ω − kN,S ) = pi|VN,S |2ρN,S , with ρN,S
being the density of states of the normal/superconducting lead evaluated at the Fermi energy.
In order to compute spectral observables, the relevant quantity that has to be determined is the equilibrium retarded
Green’s function in the dot, namely Gˆσ(ω). In a Nambu 2×2 basis spanned by Ψσ = {dσ, d†−σ}T , the Dyson equation
reads
Gˆ−1σ (ω, φ) = Gˆ−10σ (ω, φ)− Σˆσ(ω, φ). (9)
Here, Gˆ0σ(ω) refers to the decoupled and non-interacting dot retarded Green’s function and Σˆσ = ΣˆQDσ + ΣˆNσ + ΣˆSσ
is the self-energy that takes into account the coupling to the leads, ΣˆN,Sσ , and the Coulomb interaction in the dot,
ΣˆQDσ . While a complete description of the problem needs to fully take into account electron-electron correlations, the
Coulomb blockade regime is well captured by considering a diagrammatic expansion of the dot self-energy up to the
lowest order in U :
ΣˆQD,HFσ = U
(〈n−σ〉 〈d↑d↓〉
〈d†↓d†↑〉 −〈nσ〉
)
. (10)
This mean-field approximation, which neglects high-order correlations, is known as the Hartree-Fock-Bogoliubov (HF)
approximation [10–12]. This level of approximation is enough to achieve an excellent agreement with the experimental
results (away from the Kondo regime). Within this mean field picture, the retarded dot Green’s function reads
Gˆr,HFσ (ω, φ) =
1
D(ω, φ)
ω + −σ + iΓN + ΓS ω√∆(φ)2−ω2 + U〈nσ〉 ΓS ∆(φ)√∆(φ)2−ω2 + U〈d↑d↓〉
ΓS
∆(φ)√
∆(φ)2−ω2 + U〈d
†
↓d
†
↑〉 ω − σ + iΓN + ΓS ω√∆(φ)2−ω2 − U〈n−σ〉
 , (11)
where D(ω, φ) is given by the determinant of [Gˆr,HFσ ]−1(ω, φ). The Andreev bound states (ABSs) are given by the
zeroes of the determinant and can be written in a compact form as:[
ω + iΓN + ΓS
ω√
∆(φ)2 − ω2 ± (U˜ + VZ)
]2
= ˜2 +
∣∣∣∣∣ ΓS∆(φ)√∆(φ)2 − ω2 + ∆˜
∣∣∣∣∣
2
, (12)
with U˜ = U2 (〈n↑〉−〈n↓〉), ˜ = 0 + U2 (〈n↑〉+ 〈n↓〉) and ∆˜ = U〈d↑d↓〉. Physically, U˜ and ˜ can be physically interpreted
as an effective exchange field and a level shift due to correlations. When ∆→ 0 they define two Coulomb resonances
at ˜ ± (U˜ + VZ) and broadened by ΓN + ΓS . When ˜ = 0, these two resonances are located at ±(U/2 + VZ). In
the presence of superconducting correlations, these resonances become ABSs whose location and physical character
depend on the ratios of different parameters [∆(φ)/U , ΓS/U , etc.] that give rise to different physical regimes, as we
explain below.
The average values concerning the dot level occupations in Eqs. (11) and (12) are determined self-consistently in
equilibrium. Once Gˆr,HFσ (ω) is known, we can easily calculate the density of states (DOS) ρ(ω, φ) = − 1pi Im Tr[Gr,HFσ (ω, φ)].
At small bias voltage V and temperature T , the differential conductance dI/dV in the tunneling limit provides an
approximate measure of the QD DOS at energy eV . The sets of parameters for each simulation in the main text are
collected in Table S1.
While the full solution of the zeroes in Eq. (12) is needed to find the ABSs at arbitrary energy, one may find some
useful analytic boundaries in different parameter regimes, as we discuss now.
4U [meV] 0/U g ΓS/∆ ΓN/∆ R/2 [nm] d [nm]
Fig. 4(g) 2.5 -0.5 10 2.5 0.3 65 25
Fig. 5(h1) 2.5 -0.97 10 0.5 0.07 65 25
Fig. 5(h2) 2.5 -0.95 10 0.5 0.07 65 25
Fig. 5(h3) 2.5 -0.93 10 0.5 0.07 65 25
Fig. S8(b) 1.5 -0.91 11 1 0.16 50 35
Fig. S9(b) 1.5 -0.93 13 0.72 0.25 64 23
TABLE S1. Parameters used in the numerical simulations of the main text. Based on experimental evidence, we use ∆ =
0.18 meV in Figs. 4(g), 5(h1-3) and S8(b) (corresponding to devices B and C), and ∆ = 0.13 meV in Fig. S9(b) (corresponding
to device D). R and d have been extracted by using them as free parameters in Eqs. (5) and (6) and finding the best agreement
with the experimental LP data.
A. Large U approximations
The experimental regime discussed in the main text corresponds to small ∆(φ)/U (large-U limit). In this case, sin-
glets are Yu-Shiba-Rusinov (YSR)-like superpositions between the singly occupied state in the QD and quasiparticles
below the gap in the SC. The ABS position in this limit can be much lower than the original gap and, assuming that
U˜ is the largest scale in the problem, namely that the system is in a doublet GS, we can find the poles of Eq. (12) as
(ΓN = 0):
ω ≈ ±∆(φ) (U˜ + VZ)
2 − (ΓS + ∆˜)2 + ˜2√
[(ΓS + ∆˜)2 + ˜2 − (U˜ + VZ)2]2 + 4Γ2S(U˜ + VZ)2
, (13)
which is a generalization of the classical expression for YSR states in a SC [13–16] (see also Ref. [17] for a different
derivation using an effective Kondo model). Note that the poles cross zero energy when [18]
(U˜ + VZ)
2 = (ΓS + ∆˜)
2 + ˜2. (14)
We note that this criterion for parity crossings of YSR states in a QD is essentially the same as the criterion for
topological superconductivity and Majorana zero modes in a proximitized nanowire (by just substituting ΓS + ∆˜→
∆NW , ˜→ µNW and U˜ + VZ → V NWZ [19, 20]. This is yet another example that emphasises the difficulty of making
a clear distinction between parity crossings in QDs and Majorana zero modes in nanowires. The connection between
Eq. (13) and the standard expression for YSR states [13–16] is evident in the limit ˜→ 0, ∆˜→ 0, where we recover
ω = ±∆(φ)
1−
(
ΓS
U˜+VZ
)2
1 +
(
ΓS
U˜+VZ
)2 = ±∆(φ)1− J21 + J2 . (15)
Using U˜ → U/2 in this limit, we can recover J = pijSρS/2 with S = 1/2 and j = 8|VS |2/(U + 2VZ).
Typically, U can be experimentally extracted from the size of Coulomb blockade diamonds and we can use Eq. (15)
to find the value of ΓS in the doublet regime by just substituting the ABS energy position at B = 0, namely:
ΓS =
U
2
√
(1− ω+/∆)
(1 + ω+/∆)
. (16)
Using this procedure, we find an excellent agreement between the analytical YSR expression of Eq. (15) and the
experiments in the full magnetic field range [see Fig. 4(d) of the main text]. Further improvement in the agreement
can be found by performing full HF numerics directly from Eq. (12) [typically using slightly smaller ΓS values as the
ones directly extracted from Eq. (16)]. Note that the way the magnetic field enters in Eqs. (13) and (15) (through
∆(φ) and VZ) strongly deviates from a standard linear Zeeman dispersion, which explains why the ABSs in the
experiments show almost no dispersion against magnetic field.
These YSR singlets eventually become Kondo singlets in the destructive LP regions when ∆(φ) → 0. One can
estimate the flux at which Kondo physics dominates over superconductivity by using the expression for the VZ = 0
Kondo temperature at the symmetry point TK ≈ 0.3
√
ΓSUe
− piU8ΓS ≈ 0.2U√Je− pi4J . For example, using the parameters
of Fig. 4(g) of the main text, we can estimate that a Kondo GS develops when ∆(φ) . TK ≈ 0.044 meV ≈ 0.24∆,
which first happens at φ ≈ 0.35φ0, in very good agreement with the experimental observation of a Kondo effect in
5the first destructive LP region at B ≈ 50 mT. Nevertheless, we emphasise that a full calculation of the flux at which
the Kondo effect develops constitutes a rather involved problem, well beyond the scope of this theoretical analysis,
and should be the subject of future studies.
When approaching a singlet-doublet crossing near a charge-degeneracy point as a function of 0, the self-consistent
HF method is known to exhibit small discontinuities between non-magnetic and magnetic solutions [11, 12]. In these
cases [Fig. 5(h) of the main text], and since these discontinuities can result in unphysical energy shifts of the ABSs
near the crossing, we find the mean-field values in Eq. (12) that provide the best agreement with the experiment.
B. Large ∆ approximations
For completeness, we also discuss the opposite large gap limit, where the coupling to the SC ΓS mainly induces
local superconducting correlations in the QD. This can be easily seen by taking the so-called ∆ → ∞ atomic limit
[18, 21, 22], where superconducting singlets are just bonding and antibonding superpositions of empty and doubly-
occupied states in the QD, namely |S±〉 = |0〉±|2〉. In this atomic limit, the singlet-doublet boundary (parity crossing)
can be easily obtained by taking the ω → 0 limit in Eq. (12) (VZ = 0 and ΓN = 0):(
U
2
)2
= Γ2S +
(
0 +
U
2
)2
. (17)
Expanding the determinant further to order ω2 allows to capture finite ∆ corrections to the above atomic limit
boundary. This is called the generalized atomic limit (GAL) [23, 24], whose singlet-doublet boundary now reads
U2
4(1 + ΓS∆ )
2
= Γ2S +
(
0 +
U
2
)2
. (18)
It can be used to demonstrate that HF provides a very good approximate solution of the problem, particularly near
the symmetry point 0 = −U/2, when neglecting the above-gap continuum contribution to the anomalous propagator.
Further improvement can be reached by performing finite-∆ self-consistent perturbation theory around the atomic
limit both for VZ = 0 [22] and VZ 6= 0 [25, 26]. The resulting boundaries are, however, no longer analytic.
II. PHASE DIAGRAMS IN DIFFERENT COUPLING REGIMES
Whether the SC-QD GS is a singlet or a doublet is governed by the magnetic field evolution of the subgap states,
with a change in GS parity whenever they cross zero energy. This in turn results from the competition of two
mechanisms: LP effect that modulates the gap and the Zeeman effect that shifts the dot level energy. The first effect
is illustrated in Fig. S1(a), where we show the oscillatory modulation of the superconducting gap vs the applied
normalized flux φ/φ0. The gap exhibits the so-called destructive LP effect, whereby the gap decreases in the zeroth
lobe from its maximum value at φ = 0, disappears in the first destructive region, reemerges in the fist lobe, and so on.
In Figs. S1(b,c) we analyze the role of LP modulation of the gap on the phase diagram of the problem, disregarding
for the moment the Zeeman effect (i.e., taking g = 0). We plot the difference of spin-polarised occupations 〈n↑〉−〈n↓〉
in the self-consistent HF approximation versus ΓS/U and 0/U . Both panels show the phase diagram for the largest
gap of the problem, ∆ (i.e., the gap at φ = 0), but for different charging U , resulting in small, Fig. S1(b), and
large, Fig. S1(c), ∆/U ratios. Already at this level, it it important to stress how the different ratios influence the
singlet-doublet boundary. The gap evolution across LP oscillations (without Zeeman) modifies the singlet-doublet
boundary most strongly at the symmetry point 0 = −U/2. This LP modulation of the boundary is clearly seen
in Figs. S1(d,e), where we show how the spin polarisation varies with flux at the symmetry point 0 = −U/2 for
increasing ΓS (from top to bottom curves). Both panels show that doublet-singlet-doublet transitions can be induced
by LP modulation. Note that while our HF does not provide a quantitative result at doublet phases (the spin should
be fully screened in this phase, 〈n↑〉− 〈n↓〉 → 0, owing to Kondo correlations), the overall trend is perfectly captured.
These non-monotonic doublet-singlet-doublet transitions are, in turn, responsible for the phenomenology discussed in
Fig. 4 of the main text. In this regime, the measured excitations in the experiments clearly show a YSR singlet-Kondo
(co-tunneling) excitation-YSR singlet transition mediated by flux. Note that for the largest coupling ΓS shown in
the plot, the boundaries occur well before/after the destructive LP region (delimited by orange lines). In this latter
case, the singlet phase extends well beyond the destructive LP region. This could result in a Kondo effect and a
singlet-doublet parity crossing in flux regions well inside the first lobe where Majoranas are also predicted. Apart
from a non-monotonic dependence of the boundary on φ, owing to the non-monotonic ∆(φ), we clearly observe how
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FIG. S1. Gap modulation of the phase diagram through the Little-Parks effect. (a) LP modulation of the
superconducting gap in the destructive regime vs normalized flux φ/φ0 . (b-c) Full phase diagram of 〈n↑〉 − 〈n↓〉 vs ΓS/U and
0/U for φ = 0 in the small and large ∆/U regimes, respectively. Only the LP effect is included here so we take g = 0. Hartree-
Fock (HF) solution: Inside the dark blue dome the superconductor-quantum dot (SC-QD) system is in a doublet ground state
(GS), whereas it is in a singlet GS in the white region. Grey, red and cyan dashed lines mark the analytic boundaries in the
∆/U → ∞ (atomic), generalized atomic (GAL) and ∆/U → 0 (Anderson) approximations, respectively. (d-e) 〈n↑〉 − 〈n↓〉 vs
φ/φ0 for fixed 0 = −U/2 and increasing values of ΓS/U from 0.06 (black) to 0.36 (d) and 0.45 (e) (light grey). The orange
lines mark the destructive LP regime. Note that for the larger couplings, the singlet phase occurs before the LP destructive
region. Similarly, the system is back to a doublet well outside the LP destructive region. (f-g) 〈n↑〉 − 〈n↓〉 vs ΓS/U for fixed
0 = −U/2 and increasing fluxes marked with colours in (a) for the two regimes of (b) and (c), respectively, also in the absence
of Zeeman effect. The LP effect results in an oscillatory modulation of the dome. Parameters: g = 0, ΓN ≈ 0, ∆ = 0.2 meV,
R = 50 nm, d = 35 nm, and U = 0.5 meV (U = 0.05 meV) in (b), (d) and (f) [in (c), (e) and (g)].
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FIG. S2. Gap plus Zeeman modulation of the phase diagram owing to external flux. (a,b) Full phase diagram
of 〈n↑〉 − 〈n↓〉 vs ΓS/U and 0/U at φ/φ0 = 0.9 (φ/φ0 = 0.3) in the small (large) ∆/U regime. Hartree-Fock (HF) solution:
Inside the dark blue dome the SC-QD system is in a doublet ground state (GS), whereas it is in a singlet GS in the white
region. Grey, red and cyan dashed lines mark the analytic boundaries in the ∆/U → ∞ (atomic), generalized atomic (GAL)
and ∆/U → 0 (Anderson) approximations, respectively. (c,d) 〈n↑〉 − 〈n↓〉 vs ΓS/U for fixed 0 = −U/2 in the small and large
∆/U regimes, respectively, and increasing fluxes marked with colors in (a). The dashed cyan line in (c) corresponds to the
B = 0, ∆/U → 0 limit, whereas the dashed grey line in (d) corresponds to the B = 0, ∆/U → ∞ limit. In this figure, both
the Zeeman effect, through a non-zero g = 11, and the LP effect are included, the rest of parameters are chosen as those of
Fig. S1. The doublet dome exhibits a non trivial evolution with the applied flux due to two different mechanisms: the Zeeman
effect that expands the doublet dome in both x and y directions and the LP effect which leads to an oscillatory modulation.
the two analytic boundaries of the problem, the normal Anderson model boundary at ΓS/U = 1/pi in the ∆ → 0
(cyan dashed line) and the ∆/U →∞ boundary at ΓS/U = 0.5 (grey dashed line), are approached. The first limit, in
particular, is approached in the destructive LP phases where the superconducting gap fully closes. As we mentioned
above, a Kondo effect (not captured here) should develop when TK & ∆(φ) in these Anderson regions [21, 27, 28].
Having discussed the non-trivial role that LP modulation has on the singlet-doublet boundary, we now take into
account also the Zeeman effect. The full phenomenology showing the interplay of LP and Zeeman effects induced by
φ is shown in Fig. S2. The upper plots show the full phase diagram for small [Fig. S2(a)] and large [Fig. S2(b)] ∆/U
ratios, respectively. The role of Zeeman is now evident with growing doublet regions as φ increases. As expected, for
the same g-factor (which we take as g = 11 here) the degree of spin-polarisation of the GS also depends on whether
U is much larger [Fig. S2(a)] or comparable [Fig. S2(b)] to the typical Zeeman energy scales. The latter limit,
in particular, results in a greatly enhanced doublet dome even for moderate fluxes. This can be easily understood
already from the ∆→∞ atomic limit which now reads
(
VZ +
U
2
)2
= Γ2S +
(
0 +
U
2
)2
. (19)
The lower panels, Figs. S2(c,d), show typical cuts for increasing flux at the symmetry point 0 = −U/2. Important
for our discussion is that the singlet-doublet boundary for φ = 0 in the small ∆/U regime, Fig. S2(c), moves to
considerably larger ΓS/U ratios (see e.g. the φ = 0.9φ0 boundary) due to the reentrant LP gap combined with the
increased doublet phase owing to Zeeman. This overall increase of the doublet phase near φ ≈ φ0 greatly favours
singlet-doublet parity crossings in the first LP lobe as we discuss now.
8ϕ/ϕ0= 0
-� -��� �
-���
�
���
ϵ�/�
�(�
��
)
�) ϕ/ϕ0= 0.2
-� -��� �ϵ�/�
�) ϵ0 = -U/2
� ��� � ��� � ���ϕ/ϕ�
�)
FIG. S3. Suppressed Zeeman splitting in the zeroth lobe and ZBAs induced by singlet-doublet parity crossings.
(a,b) Poles of Eq. (11) shown in red superimposed to the numerical DOS as a function of the bias voltage V and 0/U for
two different normalized fluxes φ/φ0 within the zeroth LP lobe, namely 0 and 0.2, respectively. (c) Poles and numerical DOS
versus V and φ/φ0 at 0 = −U/2. U = 1 meV, ΓS = 0.43 meV, and ΓN = 0.2 meV. The rest of parameters are the same as in
Fig. 4(g) (see Table S1). Within the zeroth lobe, the LP modulation of the gap together with a small Zeeman energy (even
for a sizeable g = 10) lead to a Zeeman splitting that cannot be experimentally resolved, as shown in (b). Using the above
parameters VZ/ΓN = 0.45.
III. PARITY CROSSINGS VERSUS FLUX φ
As it is clear from the previous discussion, the fate of the GS character with external flux depends on the initial
φ = 0 position of the system parameters in the 0/U -ΓS/U plane. If these parameters are far away from the singlet-
doublet boundary, the system will remain in the same GS for moderate fluxes. This is the case of Figs. 5(a),(b) and
(d) of the main text where the system remains in a singlet GS for fluxes deep into the first lobe. Since the GS is a
singlet, a further effect, apart from LP modulation, is the Zeeman splitting of the subgap excitations. However, such
Zeeman splitting is not clearly seen in the experiment across the zeroth lobe. Figure S3 shows theoretical calculations
in this regime. In agreement with the experiment, the Zeeman splitting in the zeroth lobe cannot be resolved. This
can be explained by the combined effect of the LP gap closing (which strongly modifies the linear Zeeman dispersion
at low B fields), the small Zeeman energy (even for a sizeable g = 10) and the tunneling broadening of the lines
(compare poles with the full DOS). In Fig. S3(b) VZ/ΓN = 0.45.
When the initial point is relatively close to the dome boundary, one or more singlet-doublet transitions will probably
occur at moderate fluxes. In particular, Fig. 6(i) in the main text discusses how we approach the singlet-doublet
transition that we present in Figs. 6(a,c,e) (the corresponding point in parameter space for said figure is marked by
a yellow circle). The system starts in a singlet GS for φ = 0. As the applied flux increases, the dome approaches the
yellow point which crosses the singlet-doublet line at φ ≈ φ0, remaining in the doublet phase afterwards. We note
that, if we had a system with an initial singlet state slightly different from the one of the yellow point, but same
g-factor, it may cross the dome at very different values of φ. For example, experimental points in this phase diagram
with the same ΓS but slightly different gate voltage outside the region 0/U ∈ [−1, 0] (red circle), or for the same gate
voltage (0) but larger coupling to the SC ΓS (light blue circle), are still in the singlet phase for the largest φ shown
here. This exemplifies how QD physics can lead to φ-induced parity crossings, and concomitant zero bias anomalies in
transport, at very different points in the parameter space of this complex interplay of different physical phenomena.
The simulation for the specific parity crossing of Fig. 6(a) is shown in Figs. 6(g,h), where we plot the poles of Eq.
(11), shown in red, superimposed to the numerical DOS as a function of bias voltage V and magnetic flux.
IV. ADDITIONAL EXPERIMENTAL DATA
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FIG. S4. Devices with a short junction. In the right-upper corner of each plot, a letter indicates the device. (a), (c), (e),
(g), (i) , (k), (m) and (o) dI/dV as a function of V and Vbg for devices with a short junction in absence of magnetic fields.
No ABSs are present for these devices because of the short junction. More concretely, device E has X ≈ 95 nm, device F has
X ≈ 60 nm, device G has X ≈ 85 nm, device H has X ≈ 70 nm, device I has X ≈ 90 nm, device J has X ≈ 60 nm, device K has
X ≈ 80 nm and device L has X ≈ 40 nm. (b), (d), (f), (h), (j), (l), (n) and (p) dI/dV as a function of V and B at a fixed value
of Vbg. The magnetic field scans have been taken at Vbg = −12 V for device f, at Vbg = −32 V for device G, at Vbg = −12 V for
device H, at Vbg = −7.5 V for device I, at Vbg = −19 V for device J, at Vbg = −15.5 V for device K, at Vbg = −5 V for device
L and at Vbg = −30 V for device M. The different shapes and positions of the lobes are due to the slightly different NW and
Al shell dimensions. However, neither ZBPs nor other subgap features are observed.
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FIG. S5. Kondo effect in the Little-Parks regime with a doublet GS from device B. (a) Current, I, as a function
of V and Vbg for an out-of-plane magnetic field of 50 mT that destroys superconductivity revealing Coulomb diamonds. The
charging energy is ≈ 2.5 meV. (b) dI/dV as a function of V at B = 60 mT for different temperatures. The split Kondo peaks
broaden and decrease their conductance forming a ZBP at T = 240 mK, while they completely disappear for T = 2817 mK. (c)
Same plot as Fig. 4(d) but without the analytical solution superimposed.
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FIG. S6. Kondo data for higher magnetic fields, from
device B. (a) dI/dV as a function of V and B for Vbg =
−2.62 V, hence in the doublet GS. (b) Line traces extracted
from (a) for B = 550 mT (blue trace) and for B = 800 mT
(green trace).
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FIG. S7. ZBP due to ABSs in device B. Line traces extracted in the first lobe from Fig. 5(g) showing dI/dV as a function
of V from B = 74 mT (lower one) to B = 158 mT (upper one); they are shifted by 0.01 e
2
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with respect to each other.
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FIG. S8. Change of GS with the backgate voltage and
additional data for device C. (a) dI/dV as a function of
V and Vbg in absence of magnetic field. ABSs are clearly
visible. (b) Numerical simulation of the dI/dV versus V and
φ/φ0 for Fig.6a in a QD-S (modelled as a superconducting
Anderson model in the Hartree-Fock approximation), with
the SC in the destructive LP regime and the QD in a doublet
GS (parameters can be found in Table S1 of the SI). (c) dI/dV
as a function of V and Vbg at B = 110 mT for a small backgate
scan. (d) Line traces extracted from a). At Vbg = −1.8 V
the ABSs cross zero bias and the GS becomes doublet. The
line traces range from Vbg = −1.9 V (lower trace) to Vbg =
−1.72 V (upper trace) and they are shifted by 0.25 e2
h
with
respect to each other. (e) dI/dV as a function of V and B
for Vbg = −1.71 V. The GS is singlet in the zeroth lobe, and
it is doublet in the first lobe. (g) Line traces extracted from
(e) taken from B = 94 mT (lower one) to B = 142 mT (upper
one), shifted by 0.025 e
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with respect to each other.
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FIG. S9. Dependence of ZBP on the backgate voltage and additional data for device D. (a) dI/dV as a function
of V and Vbg at in absence of magnetic field. Multiple ABSs are clearly visible. (b) Numerical simulation of the dI/dV versus
V and φ/φ0 for Fig.6c in a QD-S (modelled as a superconducting Anderson model in the Hartree-Fock approximation), with
the SC in the destructive LP regime and the QD in a doublet GS (parameters can be found in Table S1 of the SI). (c) dI/dV
as a function of V and Vbg at B = 108 mT, i.e., in the first lobe. The presence of a ZBP depends on Vbg, proving that it has
no topological origin. (d) Line traces extracted from (c); the blue curve corresponds to Vbg = −1.25 V while the green one to
Vbg = −1.34 V.
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FIG. S10. ZBP and subgap features throughout the first lobe and additional data for device E. (a) dI/dV as a
function of V and Vbg in the absence of magnetic fields. Several ABSs are clearly present. (b) dI/dV as a function of V and
B for Vbg = −1.89 V. From the shape of the lobes, one can extract the NW dimensions and the coherence length. We obtain
R ≈ 110 nm, t ≈ 30 nm and ξ ≈ 170 nm. (b) Zoom of dI/dV as a function of V and Vbg at B = 123 mT, underlining that
many states are present in the first lobe. However, the presence of the ZBP depends on Vbg. (c) Line traces extracted from e);
the red curve corresponds to Vbg = −1.89 V while the green one to Vbg = −1.8 V. A ZBP is present at Vbg = −1.89 V but it
disappears for higher gate voltages.
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